It is shown that synchronous oscillations arising via a Hopf-bifurcation in a class of weakly coupled integrodifferential systems are destabilised by a "weak" difference coupling of the oscillators.
INTRODUCTION
The dynamics of a system of coupled oscillators has been considered by many authors as mathematical models to explain and understand a variety of phenomena in biology, biochemistry, and electronics. In biology interacting and coupled oscillator systems have been used in modelling cellular behaviour of pattern formation and circadian rhythms (Ashkenazi and Othmer [4] , Kawata and Suzuki [9] , Kawata et al.
[lo], Winfree [22] ). In physics, especially in mechanics, systems of coupled oscillators are numerous. In chemistry examples of oscillator systems are the Brusselator of Lefever and Prigogine [ 121 and the reaction of Belousov-Zhaborinskii (Field and Noyes [7] ). For a number of recent investigations of coupled oscillator systems and their applications we refer to Kuramoto [ll] , Alexander [l, 21, Alexander and Auchmuty [3] , Howard [S], Cohen and Neu [6] , Neu [15, 16, 17, 181 , Chandra and Scott [5] , Pavlidis [19] , and Smale [21] .
The purpose of this article is to examine the onset of synchronous (in-phase) oscillations and their stability in a coupled system of integrodifferential equations of the form r, b, CL, p being positive parameters and a being a nonnegative parameter. It is known (Yamada [23] ) that for b<8a, the system (1.1))(1.2) is mathematically "dead" in the sense of Smale [21] ; that is, (l.l)-( 1.2) has a globally asymptotically stable uniform steady state. We show that for b > 8a, there exists a value of c( = a, > 0 such that in a neighbourhood of c! *, synchronous oscillations appear through a Hopf-bifurcation in the uncoupled system. We have shown that such synchronous oscillations are destabilised when the oscillators are "weakly" coupled if the parameter a is either zero or sufficiently small and positive.
A few comments on the nature of coupling in ( 1 .I) are in order; we can consider x(t), y(t) as the densities of a population of the same species in two patches and their average growth rates are governed by
The coupling in (1.3) is such that if y(t) > x(t) then there is a positive contribution on the "x-patch" from the "y-patch" at time t at a rate proportional to the difference. Thus the coupling in (1.3) has a tendency to "neutralise by distributing differences" between patches. It is shown in this article that if x and y are oscillatory in the absence of coupling, then the difference coupling with a "small" coupling coefficient cannot eventually wipe out differences in the population densities. Analytically it is shown by means of a local stability analysis that if x(t) -y(t) is small for t < 0 then x(t) -y(t) does not approach zero as t -+ cc if p is small. which we rewrite in the notation of delay differential equations as
where
6(%) denoting the "Dirac" delta function. The steady state x* of (2.1) is asymptotically stable if and only if the trivial solution of (2.5 )-(2.6) V(I) 3 0 is asymptotically stable. The linear variational system corresponding to the trivial steady state v G 0 of (2.5H2.6) is
The characteristic equation associated with (2.7) for a > 0 is (2.11)
Thus if h > 8a, the steady state v = 0 of (2.6) is unstable for a E [a*, a*]. For a = cc.+, the roots E.,. Lz, i, of (2.9) are given by
Ti,:nl,= fiw,say.
By direct verification, it is found that (2.12) (2.13)
It follows from the above discussion of the characteristic equation that the sufficient conditions of "Hopf-bifurcation theorem" (Marsden and McCracken [ 141) are satisfied and hence there exists a periodic solution of (2.6) with period near w0 when a is near a*.
In the next section we perform a stability analysis of the bifurcating periodic solution of (2.6).
If a = 0 in (2.7) then the associated characteristic equation is (A + a)' A + brx*a2 = 0 (2.14)
with bx* = 1 and for CI = LX* = r/2. Equation (2.14) has a pair of pure imaginary roots * io,, w0 = (r/2) while the remaining root is negative. It can be verified that for i in (2.14), one has for a=a,. (2.15) As before when a = 0, a periodic solution of (2.1) appears by means of Hopf-bifurcation when a is near a*.
BIFURCATION OF THE "IN-PHASE" SOLUTION
We introduce a change of the variable t in (2.5)-(2.6) such that s = wt and let v(t) = v(s/w) =x(s) where w is a real number such that 274/o is the period of the bifurcating periodic solution of (2.5))(2.6). The equations (2.5) and (2.6) become in terms of .\r
We now look for a periodic solution of (3.2) of period 27~ in s such that
where E is a perturbation parameter which denotes the norm of x and y1 are periodic in s of period 27~ satisfying the orthogonality conditions We consider a function space P,, of complex valued periodic functions of period 271 defined on ( -a, ccl) in which a scalar product is defined by (u, v)~~ where The real numbers w2 and a2 are determined from (3.21). We shall examine (3.21) more closely; we choose the arbitrary nonzero eigenvectors i, and t* as i, = 1.
1-F,(a,,01.e'*'"')i,9*=1. (3.22) By the standard methods of bifurcation theory one can derive (see Sattinger [20] ) that It follows from (3.26) that the bifurcating periodic solution is orbitally asymptotically stable. By continuity of the respective sides of (3.24) on a, (3.26) holds for sufficiently small positive LI such that b > 8~. Thus (3.26) holds also for b > 8a and small positive a.
STABILITY OF SYNCHRONOUS OSCILLATIONS UNDER WEAK COUPLING
We have seen that when 6 = 0, the bifurcating periodic solutions of (1.1) are orbitally asymptotically stable. It is however not obvious that when the oscillators are coupled, such synchronous oscillations are stable for the coupled system (1.1) with 6 > 0. We examine below the stability of the synchronous oscillations of the weakly coupled systems when 6 = O(E') where /cl denotes the amplitude of the oscillations. We have seen that the in-phase solution of the uncoupled system is orbitally asymptotically stable; this will mean that if E is small, one of the Floquet exponents of (4.6) is zero while the other is negative. Thus we are left with an investigation of the Floquet exponents of (4.7) and for this we seek a solution of (4.7) in the form V(s, E) = P"'Q(s. E), (4.8) where Q is 2n-periodic in s and C= a(p) is a Floquet exponent of (4.7) such that 4~) --, 0 or P(E) as p-+0+, where P(E) is the negative exponent of (4.6). Equations (4.7) and (4. In general (4.9) may not have 2n-periodic solutions and we want to find those real numbers (T depending on p for which (4.9) will have 2rr-periodic solutions. We regard that (4.9) denotes a perturbation of (4.6) due to the coupling. Assuming that the coupling is weak (i.e., p is small such that p= O(E~)) we shall calculate cr as follows. We let as before a = a* + a2E2 + '. Co = 00 + o2,:2 + . . . in (4.9) and note that o2 denotes a perturbation of the otherwise zero Floquet exponent. Thus we are led to the determination of real numbers Q and 2x-periodic solutions Q,, Q,, Qz so that (4.10) can solve (4.9) and Q, f 0. We assume that our perturbation expansions can be justified by an appropriate application of the implicit function theorem. Supplying (4.10) in (4.9) and comparing the coefficients of the respective powers of E, wo~=~.~(a*,Ole,.,,c.,, (4.11) IQ,,,(.,,+F,,(~,,OI~,,,,(.)lQ,,,(.,, It follows from (4.21) that if p2 is sufficiently small (that is, if the coupling is "weak") then the two roots of the quadratic equation (4.21) are real and of opposite signs. This implies that the bifurcating "synchronous" (or in-phase) oscillations of the coupled system are destabilised by the "weak" difference coupling as in (1.1). By continuity arguments, the inequality (4.23) holds also for small positive-a with b -8a>O.
COMMENTS
It is known from the work of Lin and coupled equations of the form 2) with p = 0. Our conclusion for the difference coupled system ( 1 .l )-( 1.2) is that the small coupling coefficient (weak coupling) destablises the otherwise orbitally asymptotically stable bifurcating synchronous oscillations. We conclude with the following remark. In the coupled system ( 1.1 )-( 1.2) for G( = c1.+ there can be at p = 0 a bifurcation to stable phaselocked (or "anti-phase") oscillations of the form
